Test of the heavy quark-light diquark approximation for baryons with a heavy quark 
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We check a commonly used approximation in which a baryon with a heavy quark is described 
as a heavy quark-light diquark system. The heavy quark influences the diquark internal motion 
reducing the average distance between the two light quarks. Besides, we show how the average 
distance between the heavy quark and any of the light quarks, and that between the heavy quark 
and the center of mass of the light diquark, are smaller than the distance between the two light 
quarks, which seems to contradict the heavy quark-light diquark picture. This latter result is in 
agreement with expectations from QCD sum rules and lattice QCD calculations. Our results also 
show that the diquark approximations produces larger masses than the ones obtained in a full 
calculation. 
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I. INTRODUCTION 



<N 

Heavy quark symmetry [l], 0, H, 0, [E @ (HQS) predicts that in baryons with a heavy quark, and up to corrections 
i-^h ' in the inverse of the heavy quark mass, the light degrees of freedom quantum numbers are well defined, in particular 
the total spin of the light degrees of freedom is well defined. This prediction has been taken in different calculations as 
O i' the basis for treating the lig ht q uark subsystem as a diquark, and the baryon as a heavy quark-light diquark (HQLD) 
system 0, H, H, US GH, El 0, Q El [3 ■ This HQS prediction does not imply though that the orbital motion 
, ■ of the two light quarks is not affected by the presence of the heavy quark as it seems to be implicit in the HQLD 
approximation 1 . Very recently the diquark structure of heavy baryons have been analyzed in A c production in heavy 
ion collisions [TtJ where its enhanced yield is seen as a signal for the existence of light diquark correlations both in 
the quark gluon plasma and the heavy baryon. 

In Ref. [18( 1 . using a light- front constituent quark model and a Gaussian ansatz for the wave function, the authors 
studied the dependence of the Isgur-Wise function Q on the baryon structure. They found very different behaviors 
for a diquark-like configuration (the heavy quark is far from the center of mass of the light quarks) or a collinear-type 
configuration (the heavy quark is close to the center of mass of the light quarks). Comparison of the results with QCD 
sum rules and lattice QCD calculations [2(| suggested a clear dominance of the collinear-type configurations. This 
■ result seems to go against the HQLD approximation. 

Here we plan to check the validity of the HQLD approximation, that we formulate in next section, by looking 
• • . at heavy baryons masses and quark distributions inside baryons composed of a heavy quark (6 or c) and two light 
quarks. We shall compare the predictions obtained within that approximation with the ones obtained in a full 
calculation where the effect of the heavy quark on the light diquark is not neg lected. For that purpose we shall use 
the nonrelativistic quark model and the full wave functions described in Ref. [21J ■ In that reference we took advantage 
of HQS constraints on the spin of the light degrees of freedom to solve the full nonrelativistic three-body problem by 
means of a simple variational ansatz. The scheme of Ref. [2l| for the wave functions reproduced previous results for 
masses, charge radii. . . , obtained in Ref. j22"| by solving more involved Faddeev equations. The baryons included in 
that and the present study appear in Table |TJ We restrict ourselves to ground-state heavy baryons with total spin 
J = 1/2, 3/2 for which we could assume a zero total orbital angular momentum (L = 0). 

II. HEAVY QUARK-LIGHT DIQUARK APPROACH TO A HEAVY BARYON 

The set of coordinates more adequate for a heavy quark-light diquark description are the Jacobi coordinates (See 
Fig. HI) 



1 Note however that although in the HQLD approximation the light diquark internal structure is not affected by the heavy quark, this 
structure is commonly taken into account to build up the heavy quark-light diquark interaction. 
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TABLE I: Summary of the quantum numbers of ground-state heavy baryons containing a single heavy quark. /, and S[ are 
the isospin, and the spin parity of the light degrees of freedom and 5, J p are the strangeness and the spin parity of the baryon. 
We also give the quark content where I denotes a light quark of flavor u or d. 




FIG. 1: Definition of different coordinates used through this work. CM and CML stand for the baryon center of mass and the light 
quark subsystem center of mass respectively. 



m qi + m q2 + m h 



R = 

'12 x qi x q2 

_ TTlq 1 Xq 1 + 1Tlq 2 Xq 2 _ . . 

Th = ; x h (.J- J 

m qi + m q2 

where x qi , x q2 and xu represent the positions, with respect to a certain reference frame, of the two light quarks and 
heavy quark respectively, and similarly m qi , m q2 and rrih are their masses. The Jacobian coordinates are the center 

of mass position R, the relative position between the two light quarks r*i2, and the relative position between the two 
light quark center of mass and the heavy quark . 

In terms of these coordinates the three-body Hamiltonian can be written as 

H = — Jk + H lnt ; M = m Q1 + m Q2 + m h 
2M q q 

H lnt = M + H qiq2 + H hqiq2 (2) 

v 2 - — 
where — =& accounts for the total center of mass free motion. Besides M, the different terms in the internal Hamil- 

2M ' 

tonian H mt are 

TT »12 it/ (-> ■ \ Tnqi m q2 

H nq2 = -it; + V qi q 2 {r 12 , spin) ■ fi qiq2 = 

z A t giq2 ,rl qi ' "'92 
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if 1 1 \ ^ 2 lr m„ 2 _ . Tr m„ _ . 

H h qiq2 = ~o 1 h +V qi h{r h H ■ n 2 , spzn) + Vg 2 h(r h ■ n. 2 , spin) 

2\m qi +m q2 m h J m qi +m q2 m qi + m q2 

(3) 

with Vi2= d/dp 12 , Vh = d/dp h and the interquark potential that depends on relative distances and spins. Defining 
now 

o 1 f 1 1 \- 2 

^9192 = -« ~ T ~ + — J V fc +V qi h{r h , spin) + V q . 2 h{r h , spin) 

z \til>q 1 ~r ''tg 2 I'^h, 



(4) 



one could write 



H lnt — M + H qiq2 + i?° gig2 + {H hqiq2 - Hl qiq2 ) (5) 



H qiq2 is the Hamiltonian for the relative motion of the two light quarks while H® qiq2 is the Hamiltonian for the 
relative motion of the heavy quark with respect to a pointlike light diquark where the two light quarks are located in 
their center of mass. Both Hamiltonians are coupled through the term (Hh qiq2 — H^ qiqi> ). This latter term can not 
be neglected altogether as the light diquark is not pointlike. 

Within the HQLD approximation one assumes that the light diquark internal structure is not disturbed by the 
presence of the heavy quark. This means to neglect the influence of the term (Hh qiq2 — H® qiq2 ) m ^ ne evaluation 
of the diquark internal wave function, which therefore will be determined by H qiq2 alone. However, and since the 
diquark will have a finite size, the effect of (H hqiq2 — -ff° 9l92 ) has to be taken into account to obtain the r h dependence 
of the baryon wave function and its mass. Within this approximation, we will take a baryon wave function given by 

K q "? LD (ri2,r h ) = % iq2 {r 12 ) ■ F hqiq2 {r h ) (6) 

where $ qig2 (ri2) is the ground-state wave function for the Hamiltonian H qiq2 and the given spin configuration. We 
will determine Fh qiq2 (rh) variationally assuming an ansatz of the form 

F hqiq M = ®° hqiq2 (r h ) ■ N(l + ]T aj (7 ) 

with ^h gi q 2 ('"/i) the ground-state wave function for H® qiq2 for the given spin configuration 2 , and where N is a 
normalization constant and aj, bj, Cj] j = 1, 2 are variational parameters that we determine by energy minimization. 
The variational parameters are compiled in the appendix. 

III. COMPARISON OF THE DIQUARK APPROXIMATION WITH THE FULL CALCULATION 

As stated in the introduction, our full calculation in Ref. [2l| took advantage of HQS constraints on the total spin 
of the light quarks to solve the full three-body problem by using a variational ansatz. All the information on the wave 
functions can be found there. In this section we shall compare results for masses and quark distributions obtained 
with the full calculation and with the HQLD approximation corresponding to Eqs. j6][7j) . All the results that we shall 
present have been obtained with the use of the AL1 interquark interaction of Refs. [22u23l]. This interaction contains 
a confinement term plus Coulomb and hyperfine terms coming from one gluon exchange. It was initially developed 
for mesons and for its use in baryons we have applied the usual V qq = V qq /2 prescription [2^. |24j|. 

In Table |TT] we compare the masses obtained as explained above. The masses of the full calculation are smaller in 
all cases, and thus better from a theoretical point of view 3 . They also compare better with experiment [25|, [5^, [2?| 
and lattice estimates [28j]. The results show that a full calculation makes the whole system more bound producing 
smaller masses. 

The differences we have seen in the masses are a reflection of differences in the wave functions. We now make 
direct comparisons between the wave functions in the full calculation and in the HQLD approximation. We start 



2 ^h qi q 2 ( r '») ant ^ ^1112 ( r l2) can be easily obtained by solving the corresponding Schrodinger equations with a Numerov algorithm. 

3 For a given Hamiltonian a variational wave function gives an upper limit to the ground-state mass 
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TABLE II: Masses in MeV obtained with our full calculation in Ref. 12111 and with the HQLD approximation (See text for 
details). In all cases we use the AL1 interquark potential of Refs. [221. |23|| . We also show experimental masses (isospin average) 
and lattice estimates when the former are not known. Experimental masses have been taken from Refs. |2g], [2(| (f) and 
[27]](§). Lattice estimates {%) have been taken from Ref. [2S§|. Note in Ref. [2f| what it is actually measured is the mass 
difference M n * - M flc . 



by looking at the projection V of our full variational wave functions ^^ qiq2 {ri,r 2 ,ri 2 ) obtained in Ref. [2l| onto 



^hq" q ® LD ( r ^i r h)- Those projections are given by 4 



V = Jfn J ^(^(rt^r^y^^i^TH) (8) 

and the \P\ 2 values give an idea of how much of the "true" wave function is given by the wave function of the HQLD 
approximation. The values for \P\ 2 appear in Table IILTI 



Ac ^c 'C '—'c l — J C ^ c 

YP? 0.971 0.943 0.957 0.949 0.926 0.932 0.935 0.961 



Af, Sfo Yifr £*b ~b ^b 

~V\ Z 0.949 0.946 0.951 0.924 0.921 0.922 0.935 0.946 
TABLE III: Absolute value square of the V projection coefficient defined in Eq. JS} 

The values are generally higher for c-baryons than for the corresponding 6-baryons. For a given isospin and 
strangeness the larger values occur for baryons with Si = 0, and in the cases where Si = 1 the projection is maximum 
for states with total angular momentum 3/2. To get more insight into what could be left in the 3-8% discrepancy 
that one observes we have evaluated different quark distributions. 

It is very interesting to compare the probability P qiq2 for the two light quarks to be found at a relative distance r. 
This probability is evaluated as 

P qiq2 (r) = J d 3 n J d 3 r 2 S(r 12 -r) \^ qiq2 (n,r 2 ,r 12 )\ 2 (9) 

in the full calculation, and more simply as 

*W ( r )\ H QLD=^r 2 |<Wr)| 2 (10) 

in the HQLD approximation case 5 . 

The results of P qiq2 {r) for different b- and c- ground-state heavy baryons appear in Fig. [5] In the HQLD approx- 
imation the results do not depend on the heavy quark mass, only on the quark content of the diquark and on the 
Si value. This feature is shared by the full calculation where one sees little dependence on the heavy quark mass. 



4 Note in Ref. [2 il l the variational wave functions were obtained using a different set of coordinates which are ri2, Pi = Pfc H x 2 Pl2 

and T2 = ff. — Pl2' Pl and P2 are the relative coordinates of the two light quarks with respect to the heavy quark. Besides 

m q± ~^~ m q 2 

note that cPr\d i r2 = d 3 ri2d 3 rh 

5 Note in the HQLD approximation P qiq2 is totally independent of Fh qiq2 (rf l ). 
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FIG. 2: P qiq2 (r) defined in Eqs. (I9I10[1 evaluated using our full calculation (solid lines for c-baryons and long-dashed lines for 
b-baryons) or with the HQLD approximation (short-dashed lines). 



On the other hand we see in the full calculation how the presence of the heavy quark affects the diquark internal 
structure decreasing the relative distance between the two light quarks making the whole system more bound. This 
is the expected behavior from the comparison of the masses. 

Another piece of information is provided by the full calculation probability Phqs if) to find the heavy quark at a 
certain distance r of a light quark 

Ph* to = / J d 3 r 2 8{ rj ~r) |^ l92 (r 1; r 2 ,r 12 )| 2 (11) 

The results are shown in Fig. [3] where for comparison we also show the corresponding P qiq2 {r) distribution. From the 
figure one sees the heavy quark is closer to any of the two light quarks than the latter two among themselves. 

Finally, we have also evaluated the probability distribution PhCML {f ) for the heavy quark to be at a certain distance 
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FIG. 3: Ph qj (r) (long-dashed lines for qj = I and short-dashed lines for qj = s) and Pq iq2 ( r ) (solid lines) evaluated using our 
full calculation. 



r of the center of mass of the two light quarks CML. Again, this is simply given by 

Phcml (r) = J d 3 n J d 3 r 2 S(r h -r) \^ qiq2 (n, r 2 , r 12 )f (12) 

and the results are shown in Fig.HJ where we also show the P qiq2 (r) distributions. What one sees is that the average 
distance of the heavy quark to the center of mass of the light degrees of freedom is smaller than the average distance 
between the two light quarks. 

The picture that emerges from this analysis is the one depicted in Fig[5l where the heavy quark is too close 
to the center of mass of the light degrees of freedom for the HQLD approximation to be fully valid. This result 
confirms the findings of Ref. [181 ]. There the comparison of the Isgur-Wise functions, obtained for different heavy 
baryon configurations, with the results of QCD sum rules [19|] and lattice calculations [20| showed a dominance of this 
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FIG. 4: PhCML (r) (dashed lines) and P qiq2 (*") (solid lines) evaluated using our full calculation . 



collinear-type configuration. By contrast, for doubly heavy baryons the light quark-heavy diquark picture is clearly 
favored. We illustrate this point in Fig. [5] for the case of doubly heavy S baryons. There we show the probability 
distribution Ph 1 h 2 ( r ) f° r the two heavy quarks to be at a certain distance, and the probability distribution PqCMH(f) 
for the light quark to be found at a certain distance of the two heavy quark center of mass CMH. For the evaluation 
we have used our full wave functions obtained in Ref. [2^ |. We see how as the heavy quark masses increase the 
maximum of Phih 2 ( r ) moves to lower distances while for PqCMnir) the maximum does not change. 



IV. CONCLUDING REMARKS 



We have checked the HQLD approximation by looking at its effects on masses and quark distributions inside the 
baryon. In that approximation the baryon is described as a bound state of a heavy quark and a light diquark which 
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FIG. 5: Emerging schematic picture of a baryon with a heavy quark. This is in agreement wit the findings of Ref. [l8| (See 
text for details). 




r[fm] r[fm] r [fm] 



FIG. 6: Probability distribution Ph 1 h 2 { r ) (solid lines) for two heavy quarks to be found at a certain distance, and probability 
distribution P q cMH(r) (dotted lines) for the light quark to be found at a distance of the two heavy quark center of mass CMH 
evaluated for doubly heavy S baryons. We have used our full wave functions from Ref. [29t ] . 

internal structure is not affected by the presence of the heavy quark. The approximation seems to work reasonably 
well at the level of total masses, although a full calculation produces smaller mass values. On the other hand our 
results show that the presence of the heavy quark affects notably the relative motion of the light degrees of freedom 
reducing the average distance between the two light quarks. Besides one sees that the heavy quark is closer to the 
light quarks than the latter among themselves, and that its average distance to the center of mass of the light quarks 
is also smaller than the size of the diquark. All this information seems to contradict the heavy quark-light diquark 
picture. Our study confirms previous analysis on the structure of heavy baryons done in Ref . 11811 . Similar results 
concerning the quark distributions are obtained in the relativistic quark model of Ebert et al. [3fJ ■ The use of a full 
calculation seems to be preferable. 
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APPENDIX A 

In Tabic HVl we give the values for the dj, bj, Cj\ j = 1,2 parameters of Eq. ([7]) that minimize the masses in the 
HQLD approximation. 
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TABLE IV: 
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